. &%, PURPOSE-LED
Journal of Optics f# PUBLISHING"

PAPER You may also like

. . - Spatial features an oton correlations o
Radial Schmidt mode detector of entangled Saueezed i m Sirongly nomdegeneraie i Sirongly nomdegeneraie
ohotons e v

- SNOW LINES AS PROBES OF

. . . . TURBULENT DIFFUSION IN
To cite this article: Radhika Prasad et al 2026 J. Opt. 28 075201 PROTOPLANETARY DISKS

James E. Owen

- Polymeric Interphase for Highly Reversible
Zn Anode: From Microbatteries to Full Size
Minshen Zhu

View the article online for updates and enhancements.

This content was downloaded from IP address 14.139.38.129 on 06/08/2026 at 06:24


https://doi.org/10.1088/2040-8986/ae84e4
https://iopscience.iop.org/article/10.1088/1555-6611/ab4bda
https://iopscience.iop.org/article/10.1088/1555-6611/ab4bda
https://iopscience.iop.org/article/10.1088/1555-6611/ab4bda
https://iopscience.iop.org/article/10.1088/2041-8205/790/1/L7
https://iopscience.iop.org/article/10.1088/2041-8205/790/1/L7
https://iopscience.iop.org/article/10.1088/2041-8205/790/1/L7
https://iopscience.iop.org/article/10.1149/MA2025-026949mtgabs
https://iopscience.iop.org/article/10.1149/MA2025-026949mtgabs

IOP Publishing

W) Check for updates

RECEIVED
24 February 2026

REVISED
26 May 2026

ACCEPTED FOR PUBLICATION
1 July 2026

PUBLISHED
27 July 2026

J. Opt. 28 (2026) 075201 https://doi.org/10.1088/2040-8986/ae84e4

Journal of Optics

PAPER
Radial Schmidt mode detector of entangled photons

Radhika Prasad"* (@, Nilakshi Senapati' ©, Abhinandan Bhattacharjee’® and Anand K Jha"*

! Department of Physics, Indian Institute of Technology Kanpur, Kanpur, UP 208016, India
2 Universitit Paderborn, Warburger Strasse 100, 33098 Paderborn, Germany
* Authors to whom any correspondence should be addressed.

E-mail: radhikap@iitk.ac.in and akjha@iitk.ac.in

Keywords: Schmidt spectrum, SPDC, OAM, entanglement

Abstract

High-dimensional spatially entangled two-photon states generated by the spontaneous paramet-
ric down-conversion process (SPDC) have become a promising resource for several quantum
information science applications. In order to harness high-dimensional entanglement advantages,
detection capability in the Schmidt basis is a necessity. Spatial entanglement has been explored in
several modal bases, such as pixel, azimuthal, and radial modes. Among them, pixel and azimuthal
entanglement have been widely utilized due to efficient access to their Schmidt modes, while
radial-mode entanglement remains underexploited. This is due to radial coordinates not having a
Schmidt-decomposed form for the SPDC photons or a technique for measuring high-dimensional
radial Schmidt modes, which is a major roadblock in harnessing radial mode advantages. In this
work, we first theoretically show that azimuthal averaging of SPDC two-photon states yields a
radial Schmidt-decomposed form under typical experimental situations. We then demonstrate an
innovative approach for extracting the radial Schmidt modes and their spectrum by characterizing
the density matrix in the radial basis of one of the SPDC photons. Finally, we report the first-ever
measurement of the radial Schmidt spectrum of up to 50 radial Schmidt modes with about 98%
fidelity.

1. Introduction

High-dimensional entangled two-photon states offer benefits for quantum information applications,
including increased information capacity [1], higher security [2], error tolerance [3], robustness to noise
[4], supersensitive measurements [5], and teleportation [6]. Among all the potential degrees of freedom
available for harnessing the high-dimensional benefits, such as time-energy [7] and pixel entanglement
[8], the spatial entanglement of the signal and idler photons produced by spontaneous parametric down-
conversion (SPDC) is the most suitable for quantum information applications [9]. This is because

the spatial degree of freedom involves a complete set of discrete and infinite-dimensional modes that
are usually propagating solutions to the wave equation, such as the Laguerre—Gaussian LG}I7 modes

[10]. These modes are characterized by two indices, namely, the azimuthal and the radial. The most
often used azimuthal modes are characterized by e''® phase dependence and contain I orbital angu-

lar momentum (OAM) per photon, while the radial modes quantify the radial dependence of the field.
Most works on radial modes have been with the so-called p-modes with several potential applications
[11, 12]. The p-modes based two-photon entangled states have led to violations of Bell inequalities [13],
the uncertainty principle for radial degrees of freedom [14], and realization of the Einstein—Podolsky—
Rosen correlations [15].

In the last two decades, great effort has gone into generating and detecting high-dimensional entan-
gled two-photon states using SPDC. However, harnessing high-dimensional advantages has been chal-
lenging due to the lack of suitable spatial-mode detectors for one-photon fields and spatial Schmidt-
mode detectors for entangled two-photon fields. Schmidt modes are the modes in the basis in which
the two-photon state has a Schmidt decomposed form, and it is very useful for quantifying and access-
ing high-dimensional entanglement [16]. An ideal detector for any basis is a mode sorter that spatially

© 2026 IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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separates modes based on their mode index. In the azimuthal basis, the current sorter implementations
involve either multiple diffractive elements and suffer from losses that are very difficult to estimate [17,
18], or sort OAM modes with substantial cross-talk [19]. In the absence of an OAM sorter, the other
approach so far has been the projective measurement using a spatial light modulator (SLM) and a sin-
gle mode fiber (SMF) [20, 21], but this approach suffers from mode-dependent losses. More recently,
another viable approach has been developed that is based on reconstructing the OAM-mode spectrum
by measuring the angular coherence function [22-25]. This has resulted in OAM-mode detectors that
work for a broad range of modes and have a uniform detection efficiency over the entire range [24, 26].

Unlike azimuthal modes for which efficient mode detectors do exist, there is currently no such detec-
tor for radial modes. The current p-mode sorter implementations can sort either only a set of three pre-
specified modes [27] or based on whether I+ p is odd or even [28]. Efforts based on projective mea-
surements, involving an SLM and an SMEF, have so far yielded a detector that works for only four radial
modes with a very poor efficiency [29] and another detector that has been demonstrated to be efficient
for only up to eight modes [30]. Thus, we note that the current advancement in radial-mode detection
is still in the nascent stage. Furthermore, the reconstruction-based approach which has resulted in near-
perfect OAM detectors [22-25, 31] has so far not been tried for radial modes.

In this work, we show that the azimuthally-averaged SPDC two-photon state can be approximated as
a pure state under typical experimental situations. We thus derive a Schmidt-decomposed form in radial
coordinates. Next, we propose a technique for reconstructing the radial-mode spectrum by measuring
the azimuthally-averaged radially quasi-homogeneous coherence function and thereby demonstrate an
experimental technique for measuring up to 50 radial Schmidt modes with about 98% fidelity.

2. Theory

The Laguerre—Gaussian (LG) modes, represented as LG;,(p,Q), are exact solutions to the paraxial
Helmholtz equation. The index | measures the OAM of each photon in units of 7, while the index p
characterizes the radial variation in the intensity [10]. These modes form a complete basis, and any elec-
tric field E(p,0) can be represented in terms of the projections over them:

ZAZPLGZ ZAZPLG e, (1)

where Ay, are superposition coefficients, and p = (p,6) is the transverse position vector in the cylindrical
coordinates. In the projective measurement of OAM modes, one essentially measures coefficients Ay,
quite often with p =0 [20, 21]. In the context of the SPDC process, a pump photon at a higher fre-
quency down-converts into two photons at lower frequencies, referred to as the signal and idler. The
state of the down-converted photons is given by:

W)Si> :/ wSi (ps7pi)|ps>|pi>d2psd2pi7 (2)

where under the Gaussian approximation for collinear phase-matching condition, v (p, p;) is given by
[32-34]:

2 2
Vi (pg, p;) = Aexp [_(m;é)i)] exp [—M] - (3)

Here, A is the normalization constant and the subscripts p, s, and i stand for pump, signal and idler,
respectively; w, is the beam-waist width of the pump and o2 = %, where L is the crystal length and
Ap is the pump wavelength [32]. In order to study the spatial entanglement properties of SPDC photons,
the two-photon state |i)y) is often expressed in the LG basis as [20, 35]:

[si) ZZZZC?”;: e, pi)sll i) (4)

where [, is the OAM mode index of the pump photon, and |, ps), represents the state of the signal pho-
ton with indices I and ps, etc. Using equations (2) and (4), we get

Cp = / Vi (PP LGy (LG, (p) dp. . ®

2
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We note that equation (4) involves summations over four indices. As a result, it is not in the Schmidt-

decomposed form [16], since that should involve summations over only two indices. However, for effi-

ciently harnessing and quantifying entanglement, expressing a state in the Schmidt basis and having the
detection capability in that basis is a must.

2.1. Azimuthal (OAM) Schmidt spectrum of SPDC photons

We note that for most of the works related to OAM entanglement, one is not interested in the radial
dependence of the field and that OAM measurements are restricted either to p; = p; = 0 modes [20]

or is averaged over all the radial modes [24-26]. For such measurement scenarios, the state of the two-
photon field for a Gaussian pump field (I, = 0) is assumed to be [20]:

w5y ="Vl -1, (6)
1

which is a Schmidt-decomposed form in the OAM basis. Although this form has not been derived rigor-
ously, it is widely used and has been verified in experiments to a good approximation. In equation (6),
C is referred to as the OAM Schmidt spectrum, and it represents the probability that the signal and
idler photons have OAM Ifi and —Ih, respectively. From equation (6), the density matrix element cor-
responding to the signal photon field can be obtained by taking the partial trace over the idler photon:

(e }

The density matrix element wi (05,6!) can also be referred to as the angular coherence function of the
signal field. The above equation is the coherent mode decomposition of the signal field [22, 37]. Since
C; is the weightage of the OAM modes, it is referred to as the OAM spectrum. Thus, from equations (6)
and (7), we can see that the OAM spectrum of one of the down-converted photons is the same as the
OAM Schmidt spectrum of the entangled two-photon field [22]—this fact is used for experimentally
measuring the OAM Schmidt spectrum [23-26].

P F) (o

Tr; [

A _ L i(6.-6) _ y/az) /
95> = El:cle = Wi (4,,07). (7)

2.2. Radial Schmidt spectrum of SPDC photons

Next, we work out an analogous technique for measuring the radial Schmidt spectrum of entangled two-
photon fields. In the radial coordinates, the measurement techniques have so far demonstrated measur-
ing radial modes only as p-modes, and up to p = 8 for single photon states [27-30]. However, more
recently, measurements of radial modes of entangled photons have also been demonstrated, through
direct p-mode projective measurements [13] and through interferometric reconstruction of the spatial
biphoton state, from which the p-mode spectrum was subsequently extracted [38]. To the best of our
knowledge, the Schmidt-decomposed form in radial coordinates has neither been derived analytically
nor is there any experimental technique for measuring it. To represent the two-photon state in terms of
only radial variables (ps, p;), we take the partial trace of |t)y;) in equation (2) over the azimuthal vari-
ables (6;,0;). This yields a two-photon state, the density matrix element of which can be written as

‘/V;"ad) (psapivps/api,) = //1/}:; (ps/a pi,) 1/151’ (psvpi) desdal (8)

WS ad) (ps, pi, pi,p]) can also be referred to as the two-photon radial cross-spectral density function [39].

We consider the state to be normalized, that is, Tr HWﬁirad) (ps, pi, L, p} )H =1, where [---] denotes
matrix representation. We note that the Schmidt decomposition for a two-photon state exists only if the
state is pure and that the state represented by equation (8) is strictly speaking a mixed state. However,
if the mixedness of this state is negligible or in other words if the purity of the state is close to unity,
we can take the state to be pure, which will then have a Schmidt decomposition. A generic quantifier
of the purity of any quantum state is the intrinsic degree of coherence, represented by P, for continu-
ous variable bases, such as position, momentum, etc, P, is defined as P, = Tr[pz], where p is the den-

sity matrix of the quantum state [36, 40]. And, therefore, for the above state we have, P, = Tr[p?] =
si

2
[[W(md) (pss pisplsp! )} ] P, ranges from 0 to 1, with P, = 1 representing a pure state and P, =0

representing the completely mixed state. Using equations (3) and (8), we evaluate P, for various val-
ues of the crystal length L and the pump beam waist w;, for A, = 355 nm. Figure 1 plots P, as a func-
tion of L and wj,. We find that as a function of w,, P, remains unchanged, whereas P, increases as

3
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1.0
0.7
Figure 1. Numerical plot of the purity Po of the two-photon state Ws(irad) (ps7 pispl,pl ) as a function of crystal length L and
2
beam waist wj,. The purity is defined as Poo = Tr |:[W$(,.Md) (ps, pi, 0!, 0} )] :| [36]. Poo = 1 represents a pure state while Poo = 0
represents a completely mixed state. We see that as a function of the beam waist wj, Poo remains unchanged, whereas it decreases
as the crystal length L increases.

L decreases. Thus, we see that as the crystal becomes thinner, P, approaches unity. In our experi-
ments reported below, we employ crystals with L =1 mm and L =5 mm, for which the P, comes out
to be 0.98 and 0.95, respectively. More importantly, as we show in the experimental section, for pro-
ducing a high-dimensional radial Schmidt spectrum, one requires a thinner crystal. Therefore, in the
case of higher-dimensional Schmidt spectrum, the accuracy of this approximation becomes progres-
sively better. Thus, for such crystal lengths, we approximate P., to be unity and take the state repre-
sented by equation (8) to be pure, and we therefore write the density matrix element of equation (8)

as WY (o, pi, ol p!) = 05 (ps, i) Y (02, p1), where 9™ (ps, pi) represents a pure two-photon

St
wavefunction, which must have a Schmidt-decomposed form that can be represented as

D8 (0o o) = S VM6l (0 6P (). 9)

Here, A, can be referred to as the radial Schmidt spectrum and (,255,5) (ps) as the radial Schmidt modes.
We consider the SPDC phase matching to be low-gain, degenerate, and type-I collinear, in which case
the eigenfunctions qﬁf,s) (ps) and ¢$,i) (pi) will have the same functional form. Equation (9) can be referred
to as the radial Schmidt decomposition of the entangled two-photon field, and it is analogous to the
azimuthal Schmidt decomposition given in equation (6). From the two-photon state in equation (9), the
state of the signal photon can be calculated by taking the partial trace over the idler. Thus, the density
matrix element corresponding to the signal photon in the radial basis can be shown to be:

. *(rad rad
wird) (pS7p£):/¢si( (0L, p) U5 (pis i) dp

(10)
=Y M ()65 (o).

We note that W™ (ps,p!) can be referred to as the radial cross-spectral density function correspond-
ing to the signal photon, and it quantifies coherence in the radial coordinates [41]. Furthermore,
Ws(rad) (ps, p!) in equation (10) is the coherent mode representation [41, 42], and, therefore, A, in

the above equation represents the radial-mode spectrum of the signal photon, just as C; represents

the OAM-mode spectrum in equation (7). Comparing equations (9) and (10), we find that the radial
Schmidt spectrum of the entangled two-photon field is the same as the radial-mode spectrum of either

4
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Detection of Radial\
Schmidt Spectrum

fGeneration of N\ (
Entangled Photons

Translation
Stage

Beam Expansion

L 7\ J

Figure 2. Experimental setup involving a common-path Sagnac interferometer. Laser: ultraviolet (UV) laser; BS: beam splitter;
BBO: 8-Barium Borate crystal; HWP: half-wave plate (optic axis orientation ¢ kept at 0 and 7 /4 radians from the horizontal);
DM: dichroic mirror; BP: bandpass filter. We represent the reflected and transmitted beams at the BS with different colors (dark
red and light red, respectively) to highlight the magnification due to 4flens configuration. The BBO crystal is used for the gener-
ation of entangled photons and the interferometer detects the radial Schmidt spectrum.

the signal or the idler photon. Equation (10) is the main theoretical result of this work, which implies
that by measuring the radial cross-spectral density function Mrad) (ps,p!) and then finding its coherent
mode representation, one can obtain the radial Schmidt spectrum )\, and the corresponding Schmidt
modes ¢,(p;) of the entangled two-photon states. We note that, unlike equation (6), in which case the
Schmidt modes are assumed to be the OAM modes, the functional form of the Schmidt modes has not
been assumed in equation (10) but is obtained through the coherent mode representation of the exper-
imentally measured Mrad) (ps, p!). Thus, our method works for any radial-mode bases and not just the
p-modes which have been the subject of investigation in most prior works [27-30].

3. Experimental measurement scheme

Figure 2 shows the experimental setup, involving a Sagnac-type interferometer. The interferometer mea-
sures any cross-spectral density function W;(p,, p!) that is quasi-homogeneous [42], or in other words,
any W, (p,, p!) that can be expressed as

W(ps7pls) =V I(ps)I(p,s)/’L (ps_pls)' (11)

Here, I(p,) = W(p,, p,) is the transverse position probability of the signal photon and p(p, — p’,) repre-
sents the degree of spatial coherence between p, and p’.. The quasi-homogeneity condition requires that
(i) the width of u(p, — p’,) must be much smaller than the width of I(p,) and (ii) u(p, — p’,) should
depend only on the difference coordinate p, — p’.. Given the two-photon wavefunction in equation (2),
it can be numerically shown that for type-I, collinear, degenerate SPDC process for which o_ < w,
[33], the functional form of W(p,, p’,) is that of a radial Gaussian Schell-model beam [41, 42], which

is an example of a quasi-homogeneous field.

The interferometer of figure 2 consists of 4f lens configuration for magnification and a half-wave
plate (HWP) for phase control. The field gets magnified by a factor of m = fi/f, in alternative one (light
red, transmitted twice at the beam splitter) and demagnified by the same factor m in alternative two
(dark red, reflected twice at the beam splitter). The detection probability I%, (p,) at the camera plane
is given by (for details see reference [42]):

I(obut (ps) = Ifut (ps?as) = I(mpsaes) +I<%705) - 2W<mp5705; %705> Ccos <4¢)7 (12)

5
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where ¢ is the HWP angle with respect to the horizontal axis. Here, we have taken the beam splitter to
be 50:50 and the cross-spectral density function W(mps,ﬁs; %,9;) to be real. I(mp;,0;) and I(%,GS)
are the detection probabilities of the individual interfering paths. We note that W(mps,esg e 95))

can be measured by recording I%,, (ps,0:) at ¢ =0 and ¢ = /4, that is, W (mps, bs; 2,6,)) =

: [Iﬁfﬂ /4 (ps;05) — 127" ps, 9;)] , and thereby the radial cross-spectral density function of the signal pho-

ton can be obtained as

Wwirad) (mps,&>— ! /ﬂ W(mps,é’s;%ﬁs)d&. (13)

m 27 J_,

For measuring I (mp;) and I (£ ), one needs to remove the beam splitter from the interferometer. In this
way, a field from only one interfering path reaches the camera and thus one measures I (%) Since it is a
common path interferometer, one cannot directly measure I (mp;), but it can be assessed by rescaling the
measured I (£2) by the factor m. The degree of coherence function can therefore be obtained as

(rad) (mp57 &) _ Wgr"ld) (m,os, %)
m

Ihs . (14)
I(mps)I1(2:)
Now, by utilizing the quasi-homogeneity of the field, we write: u{™" (mps, &) = e (mps— L) =

u?ad) [,05 (m — %)} Thus, from the experimental measurements, one can obtain us(md) (mps — %) for a
given value of m. We note that the degree of coherence function obtained in this way depends only on
1

one variable, ps (m — E)' However, the degree of coherence function is a two-point correlation func-

tion. Thus, from the measured values of (™" [ps (m—L}], one can obtain the two-point degree of

coherence function ,us(md) (p,p’) by realizing that the value of ,us(rad) (p,p’) for each pair of (p,p’) is

“D(p,p") = u(p— p’). Once ™ (p,p) is numer-

ically reconstructed, one can numerically obtain the cross-spectral density function wird (p,p’) using

related to the single-variable ,uS(Md)(p —p’) by 1

equation (14). By numerically diagonalizing wied (p,p’), one can finally obtain the radial coherent
modes and radial mode spectrum of equation (10) and thus the radial Schmidt modes of equation (9).

4. Experimental setup

Figure 2 shows the experimental setup. A continuous wave ultraviolet (UV) laser of wavelength 355 nm
pumps a type-I S-barium borate (BBO) crystal to generate collinear degenerate SPDC photons centered
at a wavelength of 710 nm. We perform experiments with two different pump beam waists, w, =507
pm and 1014pum. We use a lens combination after the pump laser to achieve the desired pump beam
waist at the crystal plane. A dichroic mirror (DM) is kept just after the crystal to block the UV pump
and transmit the signal and idler photons. In our experiments, we use two different lengths of the crys-
tal, L=>5 mm and L =1 mm, for which P, comes out to be 0.95 and 0.98, such that the two-photon
state in equation (8) can be approximated to be pure. We note that the signal and idler fields generated
by SPDC co-propagate through the interferometer. The interferogram recorded by the camera is the sum
of the intensity distributions of the signal field and idler field at the camera plane. For type-I degener-
ate SPDC, the signal and idler fields are spatially identical, that is, both the signal and idler fields have
identical intensity distributions at the camera plane. Therefore, the recorded interferogram is equivalent
to that produced by either the signal or the idler photon. The down-converted field enters the interfer-
ometer shown in figure 2 and the interference pattern is recorded by an ORCA-Quest 2 qCMOS camera.
For the 4f imaging system inside the interferometer, we use lenses with focal lengths fi = 400 mm and

f» =200 mm, and thus in our experiments we have m = 2. A translation stage is introduced to ensure
that the separation between the two lenses remains intact. A 10 nm bandpass filter centered at 710 nm is
placed in front of the camera to ensure high temporal coherence of the detected field.

5. Results and discussions

Figure 3 shows the experimental data and the retrieved Schmidt spectra for three different settings of w,
and L. Figure 3(a) corresponds to w, = 507pum and L = 5 mm; figure 3(b) corresponds to w, = 507um
and L = 1 mm; figure 3(c) corresponds to w, = 1014um and L = 1 mm. For each setting, the sub-figure
(i) shows the recorded interferograms at ¢ = 7/4 (constructive interference) and ¢ = 0 (destructive

6



J. Opt. 28 (2026) 075201 R Prasad et al

(a) L =5 mm, w,=507 um

(1) Interferograms (ii)) CSD function (iii) Radial Schmidt mode spectrum
S0P =D 800 1 —
£ ‘(ﬂﬂs’,‘.s) Y 0.3 t\ —@—Theory
. 3 [T Experiment
_' o ng: ) F=98%
S ~ K,=56
r < E;=29
P.=095
0 0
0 400 o0 = 007F I 10 5
, (Lm) ., (Lm) ps (um) n (radial mode index)
(b) L =1mm, w,= 507 pm
(1) Interferograms (i1) CSD function (i) Radial Schmidt mode spectrum
800 IWET
TN —@&—Theory
[T Experiment
£) ) F=98%
S = K,=12.0
< E;=39
P,=098
0
0 400 800 0 00 0 10 20 30
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(¢) L=1mm, w,=1014 um
1) Interferograms (i1) CSD function (iii) Radial Schmidt mode spectrum
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Figure 3. Experimental results: The radial Schmidt mode spectrum of entangled photons for different combinations of L and w;.
(a) L = 5mm and w, = 507um; (b) L = 1 mm and w), = 507um; (c) L = 1 mm and w, = 1014um. (i) Recorded interferograms
at ¢ = 7/4 and ¢ = 0, and their corresponding difference. (ii) The signal photon radial cross-spectral density (CSD) function

wf“‘d) (ps, p/). (iii) The radial Schmidt mode spectrum obtained by finding eigenvalues of WS<rad> (ps, p.). The red curve is the
theoretical prediction and the blue bars are the experimentally obtained values. F is the fidelity, K, is the Schmidt number, Ef is
the entanglement of formation, and P is the two-photon state purity.

interference), along with their differences; the sub-figure (ii) presents the reconstructed radial cross-
spectral density function Mrad)(p, p’); and the sub-figure (iii) presents the normalized radial Schmidt
spectrum of the entangled two-photon state. Along with the reconstructed radial Schmidt spectrum
indicated by the blue histogram, the sub-figures (iii) show the theoretical predictions plotted in red.

We find an excellent match between theory and experiment with a fidelity of 98% for all the recon-
structed Schmidt spectra. The fidelity F characterizes the accuracy of the measurement, and is calculated
as the similarity between the theoretical prediction and experimental measurement [35]. We note that
the diagonal width of wied (p,p’) corresponds to the radial coherence width while the anti-diagonal
width of Mrad)(p, p’) is the radial width of the intensity of the field. We note that the diagonal width
of Wi (p,p") decreases with the increasing w, and decreasing L. And as wied (p,p’) decreases, the
radial Schmidt spectrum becomes wider and the dimensionality of the state increases. We quantify the
dimensionality of the state by evaluating the Schmidt number K, =1/, A2, which provides the effec-
tive number of radial modes contained by the SPDC state. We find that K, increases from 5.6 to 23.9
as w, increases and L decreases. This increasing trend in K, is a qualitative signature of the increase of
radial entanglement. This trend is also captured by the entanglement of formation E; [43, 44], another
entanglement certifier. A positive value of E; implies the presence of entanglement [45]. In our case,

Ey can be evaluated as Ef= —)_ \,log, A, [46]. The values of K, and Ef are also shown in column
figure 3(iii). The radial Schmidt modes corresponding to the three different settings of w,, and L are
plotted in figure 4, which shows the first four mode profiles (dots) alongside their theoretical predictions
(solid curve). We again see a very good match between the theoretical and experimental plots. Finally,

7
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(a) L =5 mm, w, =507 pm (b) L=1mm, w,= 507 um (¢) L=1mm, w,=1014 pm

0 200 400 600 800 0 200 400 600 800 0O 200 400 600 800
p, (pm) P, (pm) ps (pm)

Figure 4. Schmidt modes for the three different experimental conditions: (a) L = 5 mm and w;, = 507um; (b) L = 1 mm and
wp = 507pm; (¢) L = 1 mm and w, = 1014pm. The dotted lines are experimental measurements, while the solid lines are the
theoretical predictions.

we note that since our scheme is based on a Sagnac interferometer, which is a common-path interferom-
eter and is known not to suffer from typical interferometric stability issues, it is quite robust and thus
works for high-dimensional states.

6. Conclusion

In this work, we show that the azimuthally averaged SPDC two-photon state can be well approximated
as a radially pure two-photon state under typical experimental conditions, which allows us to derive a
Schmidt-decomposed representation in radial coordinates for the entangled two-photon fields produced
by SPDC under low-gain, degenerate, collinear type-I phase-matching condition. We then propose and
demonstrate a scheme for reconstructing the radial Schmidt spectrum and modes by directly character-
izing the density matrix in the radial basis of one of the SPDC photons. This method has enabled the
measurements of up to 50 radial Schmidt modes with a fidelity of 98%. To the best of our knowledge,
this represents at least a five-fold improvement in the detection capability of radial modes over exist-
ing radial-mode detectors. In contrast to most Schmidt-mode characterization schemes, our approach
does not require coincidence measurements, which makes our approach accurate and resource efficient.
Furthermore, the existing methods work only if the radial Schmidt basis is known a-priori whereas in
our scheme the radial Schmidt basis is directly measured. Additionally, the technique is readily applica-
ble to the characterization of the Schmidt spectrum of bright SPDC sources well beyond the photon-
pair regime, which can be used to estimate squeezing of independent radial Schmidt modes. We there-
fore expect our method to have important implications for high-dimensional quantum information
applications.
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